We compute all complex structures on indecomposable 6-dimensional real Lie algebras and their equivalence classes. We also give for each of them a global holomorphic chart on the connected simply connected Lie group associated to the real Lie algebra and write down the multiplication in that chart.
Introduction.
In the classification of nilmanifolds, a important question is to determine the set of all integrable left invariant complex structures on a given connected simply connected real nilpotent finite dimensional Lie group, or at the Lie algebra level the set X g of integrable complex structures on the nilpotent Lie algebra g, and its moduli space ( [3] , [2] , [10] ). In the case of 6-dimensional real nilpotent Lie groups, an upper bound has been given in [9] for the dimension of X g , based on a subcomplex of the Dolbeault complex. These bounds are listed there, and Lie algebras which do not admit complex structures are specified. However, no detailed descriptions of the spaces X g are given. The aim of the present paper is to contribute in this area by supplying explicit computations of the various X g and their equivalence classes for any indecomposable 6-dimensional real Lie algebra g. We here are interested only in indecomposable Lie algebras, though direct products could be processed in the same way.
2 Preliminaries.
Labeling the algebras.
There are 22 indecomposable nonisomorphic nilpotent real 6-dimensional Lie algebras in the Morozov classification, labeled M 1-M 22 ( [5] ). Types M 14 and M 18 are splitted in M 14 ±1 and M 18 ±1 . Over C, types M 14 and M 18 are not splitted and types M 5 and M 10 do not appear. In [6] , one is concerned with rank and weight systems over C, and a different classification is used. The correspondance with Morozov types appears there on page 130. In the present paper, we label the algebras according to [6] , except for M 5, M 10, M 14 and M 18. Note that M 5 is the realification n R of the 3-dimensional complex Heisenberg algebra n. Though M 10 is not a realification, it appears as a subalgebra of the realification (g 4 ) R of the complex 4-dimensional generic filiform Lie algebra g 4 in the isomorphic realisation [a 1 , a 2 ] = a 3 , [a 1 , a 3 ] = a 4 , [a 2 , a 3 ] = a 4 : just take x 1 = a 1 , x 2 = ia 2 , x 3 = ia 3 , x 4 = a 3 , x 5 = ia 4 , x 6 = a 4 . Let g be any of the labeled 6-dimensional real Lie algebras, and let G 0 be the connected simply connected Lie group with Lie algebra g. From the commutation relations of the basis (x j ) 1 j 6 of g we use, the second kind canonical coordinates (x ∈ G 0 ) x = exp (x 1 x 1 ) exp (y 1 x 2 ) exp (x 2 x 3 ) exp (y 2 x 4 ) exp (x 3 x 5 ) exp (y 3 x 6 )
yield a global chart for G 0 (see [11] , Th. 3.18.11, p.243). We use this chart for G 0 in all cases but the case of M 5 where the natural chart is used instead. For 1 j 6, denote by X j the left invariant vector field on G 0 associated to x j , i.e.
Then due to the commutation relations, we have in each case except M 5 :
Complex structures.
Let g any finite dimensional real Lie algebra, and let G 0 be the connected simply connected real Lie group with Lie algebra g. An almost complex structure on g is a linear map J : g → g such that J 2 = −1. An almost complex structure on G 0 is a tensor field x → J x which at every point x ∈ G 0 is an endomorphism of T x (G 0 ) such that J 2 x = −1. By definition, the almost complex structure on G 0 is left (resp. right) invariant if J ax =(L a ) x J x (resp. J xa =(R a ) x J x ) for all a, x ∈ G 0 , wherê (L a ) x J x (resp.(R a ) x J x ) is the endomorphism (L a ) * x •J x •(L a −1 ) * ax (resp. (R a ) * x •J x •(R a −1 ) * xa ) of T ax (G 0 ) (resp. T xa (G 0 )), with L a (resp. R a ) the left (resp. right) translation x → ax (resp. x → xa) and (.) * the differential. For any almost complex structure J on g there is a unique left invariant almost complexĴ structure on G 0 such thatĴ e = J (e is the identity of G 0 ), and one hasĴ a =(L a ) * e J for all a ∈ G 0 . It is easily seen thatĴ is right invariant if and only if
that is (g, J) is a complex Lie algebra. From the Newlander-Nirenberg theorem ( [8] ),Ĵ is integrable, that is G 0 can be given the structure of a complex manifold with the same underlying real structure and such thatĴ is the canonical complex structure, if and only if the torsion tensor ofĴ vanishes, i.e. :
[ 
By a complex structure on g, we'll mean an integrable almost complex structure on g, that is one satisfying (3) . Let J a complex structure on g and denote by G the group G 0 endowed with the structure of complex manifold defined byĴ. Then a smooth function f : G 0 → G 0 is holomorphic if and only if its differential commutes withĴ ( [4] , Prop. 2.3 p. 123) :Ĵ • f * = f * •Ĵ. Hence left translations are holomorphic. Right translations are holomorphic, that is G is a complex Lie group, if and only ifĴ is right invariant, i.e. (g, J) is a complex Lie algebra. The complexification g C of g splits as g C = g
(1,0) ⊕ g (0,1) where g (1,0) = {X − iJX; X ∈ g}, g (0,1) = {X + iJX; X ∈ g}. We will denote g (1, 0) by m. The integrability of J amounts to m being a complex subalgebra of g C . In that way the set of complex structures on g can be identified with the set of all complex subalgebras m of g C such that g C = m ⊕m, bar denoting conjugation in g C . This is the algebraic approach. Our approach is more trivial since we simply fix a basis of g and compute all possible matrices in that basis for a complex structure. From now on, we'll use the same notation J for J andĴ as well. For any x ∈ G 0 , the complexification T x (G 0 ) C of the tangent space also splits as the direct sum of the holomorphic vectors T x (G 0 )
(1,0) = {X − iJX; X ∈ T x (G 0 )} and the antiholomorphic vectors T x (G 0 ) (0,1) = {X + iJX; X ∈ T x (G 0 )}. Let H C (G) be the space of complex valued holomorphic functions on G. Then H C (G) is comprised of all complex smooth functions f on G 0 which are annihilated by any antiholomorphic vector field. This is equivalent to f being annihilated by all
with (X j ) 1 j n the left invariant vector fields associated to a basis (x j ) 1 j n of g. Hence :
Finally, the automorphism group Aut g of g acts on the set X g of all complex structures on g by J → Φ −1 • J • Φ ∀Φ ∈ Aut g. Two complex structures J 1 , J 2 on g are said to be equivalent if they are on the same Aut g orbit.
Presentation of results.
We consider here only indecomposable 6-dimensional nilpotent real Lie algebras which admit complex structures. For each such g, we first give the commutation relations of the basis (x j ) 1 j 6 of g we use, and the matrices J = (J We do not enter computational technicalities here, referring instead to the technical report [7] . Let's simply say that the equations are semilinear in the sense that they can be solved in a succession of steps, each of which consists in solving some equation of degree 1 in some variable. For all the Lie algebras we consider, we prove that X g is a (smooth) submanifold of R 36 . The dimension of X g is equal to the upper bound given in [9] except in the case of M 10. Then we give the automorphism group of g, representatives of the various equivalence classes, and the commutation relations of the corresponding algebra m = g (1, 0) in terms of the basis (x j ) 1 j 6 withx j = x j − iJx j . As m is a 3-dimensional complex Lie algebra, it is either abelian or isomorphic to the complex Heisenberg Lie algebra n. Hence, as a real Lie algebra, m is either abelian or isomorphic to M 5. Finally, we compute the left invariant vector fields X 1 , X 2 on G 0 in terms of the second kind canonical coordinates (1) (except in the case of M 5, the 4 others appear in (2)), a global holomorphic chart on G and the explicit look of the multiplication in G in terms of that chart. The fact that left translations are holomorphic, though the multiplication isn't except for the canonical structure on M 5, appears clearly on these formulae. There we make use of the following formula which is easily checked from the Campbell-Hausdorff-Baker Formula : 
where C 5 g denotes the 5 th central derivative. As usual, for complex z = x + iy (x, y ∈ R), We'll abbreviate 'complex structure' to CS.
3 Lie Algebra G 6,3 (isomorphic to M3). 
Hence, from the result of the case 3.1, any CS with ξ 1 6 = 0, ξ 2 5 = 0 is equivalent to either J 1 in (10) or J 2 in (13). Since J 2 is equivalent to J 1 by the automorphism M = diag 
Now, equivalence by a suitable automorphism of the form (9) reduces to the case ξ 
, which is equivalent to the matrix J 1 in (10). Now, with the automorphism diag(1, −1, 1, −1, 1, −1), J is equivalent to its opposite
Hence, any CS with ξ
Conclusions.
Any J ∈ X 6,3 is equivalent to J 0 defined by (16). Hence X 6,3 is comprised of the single Aut G 6,3 orbit of J 0 . Now Aut G 6,3 consists of the matrices 
where b 
Hence, any CS is equivalent to J α in (19). It is easily seen that the J α 's corresponding to different values of α are not equivalent. Commutation relations of m for 5 . From (17), X 6,7 is a submanifold of dimension 10 in R 36 . It is the disjoint union of the continuously many orbits of the J α 's in (19).
4.1
Let G denote the group G 0 endowed with the left invariant structure of complex manifold defined by
where
if and only if it is holomorphic with respect to w 2 and w 3 and satisfies 2 ∂f
The 3 functions
. F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication of G looks like in that chart. Let a, x ∈ G with respective second kind canonical coordinates (
Computations yield :
We then get
5 Lie Algebra G 6,4 (isomorphic to M7).
Commutation relations for G 6, 4 :
Now the automorphism group of G 6,4 is comprised of the matrices 
Hence, any CS is equivalent to J α,β in (22). The J α,β 's corresponding to different couples (α, β) are not equivalent. Commutation relations of m for J α,β : [
α+βx 5 −x 6 . From (20), X 6,4 is a submanifold of dimension 10 in R 36 . It is the disjoint union of the continuously many orbits of the J α,β 's in (22).
5.1
where 
3 ) as in (1) . With obvious notations, computations yield:
6 Lie Algebra G 6,1 (isomorphic to M4).
Commutation relations for
−(ξ −ξ
where and the parameters are subject to the condition
Now the automorphism group of G 6,1 is comprised of the matrices
where u ∈ R, u = 0 and b 
The J α 's corresponding to distinct α's are not equivalent. 
where J 
2 ); and the parameters are subject to the condition −ξ
J is not equivalent to any J α . m is here an abelian algebra. −ξ
Case
where J 2 )(ξ
2 ); J 
The J's corresponding to different β, β ′ are not equivalent unless
• Suppose now ξ 
Commutation relations of m : is not equivalent to J ′′ 0 .
Conclusions.
One has with obvious notations
and
It can be seen that the formula (23), which still makes sense for ξ 
To prove that X ξ 2 1 =0 is a 12-dimensional submanifold of R 36 , it is sufficient to prove that it is a local submanifold in the neighborhood of any of its points. Take any K ∈ X ξ 2 1 =0 : K = (ξ i j (K)). In case (39), K ∈ X ξ 2 3 =0 and then, from the section 6.1, X ξ 2 1 =0 is a local 12-dimensional submanifold of R 36 . Suppose now K belongs in case (40) or (41). To solve the initial system comprised of all the torsion equations and the equation J 2 = −1 in R 36 in the neighborhood of K, one has to complete first a set of common steps, and then we are left with solving the system S of the remaining equations in the 15 variables ξ . Among these equations, we single out the 3 following equations :
where : f = J (29)). Hence in both cases, one has c(J) = 0 in some neighborhood of K and the remaining system is equivalent in that neighborhood to the 3 equations (42). We will now show that the system (42) is of maximal rank 3 at K, that is some 3-jacobian doesn't vanish.
• Suppose K belongs in case (40). Then
= 0.
• Suppose K belongs in case (41). Then
Hence the system (42) is of maximal rank 3 at K, and it follows that X ξ 2 1 =0 is is a local submanifold in the neighborhood of K.
Hence X ξ 2 1 =0 is is a 12-dimensional submanifold of R 36 , and so is X 6,1 from (38). Any element of X 6,1 is is equivalent to either J in (31), or J α (α = 0) in (26), or J 6.7
6.7.1 Holomorphic functions for J α .
2 ∂f
. F is a a global chart on G. We determine now how the multiplication of G looks like in that chart. Let a, x ∈ G with respective second kind canonical coordinates ( (1). With obvious notations, computations yield:
,
6.7.2 Holomorphic functions for J. where
. F is a global chart on G, and
where from (47)
Holomorphic functions for
J ′′ γ is defined in (37) for any real γ. HereX
. F is a global chart on G. Instead of (47), we here have
7 Lie Algebra G 6,6 (isomorphic to M1).
Commutation relations for G 6, 6 : [ 
where J ) leads to
Commutation relations of m :
From (50), X 6,6 is a 10-dimensional submanifold of R 36 . There is only one Aut G 6,6 orbit, and any element of X 6,6 is equivalent to J in (52).
7.1
Let G denote the group G 0 endowed with the left invariant structure of complex manifold defined by J in (52). Then
. F is a global chart on G. We determine now how the multiplication of G looks like in that chart. Let a, x ∈ G with respective second kind canonical coordinates (
8 Lie Algebra G 6,5 (isomorphic to M8).
Commutation relations for G 6, 5 : −ξ
where a = J 
8.1
Let G denote the group G 0 endowed with the left invariant structure of complex manifold defined by J(ξ 
where C = (ϕ 1 a (iξ 9 Lie Algebra G 6,8 (isomorphic to M9).
Commutation relations for G 6, 8 : 
9.1
is in H C (G) if and only if it is holomorphic with respect to w 2 and w 3 and satisfies the equation 
The 3 functions
where 10 Lie Algebra M10.
Commutation relations for M 10 : 
Case ξ
where u 2 = 1 and b 2 )), J2 In that case one has necessarily ξ 
As in the preceding case, by equivalence by a suitable block-diagonal automorphism, we can suppose ξ 
and the parameters are subject to the condition
As in the preceding case, we can see that J(η In that case one has necessarily ξ 
2 +1)(ξ 
5 ); and the parameters are subject to the condition
As in the preceding cases, equivalence by a suitable block-diagonal automorphism leads to the case ξ 
J(ξ 
Conclusions.
To solve the initial system comprised of all the torsion equations and the equation J 2 = −1 in R 36 in the 3 cases 1 (10.1), 2.1 (10.2), 2.2 (10.3), one has to complete first a set of common steps, and then we are left with solving the system S of the remaining equations in the 12 variables . Among these equations, we single out the 2 equations 13|6 and 14|6 which read:
where : f 13|6 = ξ . In each of the 3 cases, the remaining system is equivalent to the system (77). To conclude that X M10 is a 10-dimensional submanifold of R 36 , it will be sufficient to prove that the preceding system is of maximal rank 2 at any point of X M10 , that is in each of the 3 cases some 2-jacobian doesn't vanish. In case 1, one has 
2 . These 2-jacobians cannot simultaneously vanish. In case 2.2, one has
Hence the system (77) is of maximal rank 2 at any point of X M10 , and X M10 is a 10-dimensional submanifold of R 36 . Any CS is equivalent to one and only one of the following : J(ξ 
10.5
Let G denote the group G 0 endowed with the left invariant structure of complex manifold defined by J(ξ 3 ) in (67) with conditions (68). Then
where c = iξ 
In the case of J(ξ The only difference is that we get now 
11 Lie Algebra M14 γ (γ = ±1).
has no CS. We consider the case M 14 1 . 
The 2 matrices corresponding to ξ From (78), X M141 is a submanifold of dimension 8 in R 36 . There are only 2 orbits, and any CS on M 14 1 is equivalent to one of the two non equivalent structures in (80).
11.1
12 Lie Algebra M18 γ (γ = ±1). 36 . There are only 2 orbits, and any J ∈ X M181 is equivalent to one of the two non equivalent structures in (80).
12.1
. F is a a global chart on G. We determine now how the multiplication of G looks like in that chart. Let a, x ∈ G with respective second kind canonical coordinates (
13 Lie Algebra M5.
. This is the realification of the 3-dimensional complex Heisenberg Lie algebra n [Z 1 , Z 2 ] = Z 3 we get by letting 2 )ξ However we do not give them here, as some are huge and we do not have explicit use of them in the rest of the paper. We refer instead to ( [7] , pp. 133-136). 
Case ξ
Then Φ ∈ Aut(M 5). Denote J(ξ .
The CS Φ −1 J(ξ 
